This article investigates sampled-data vehicular platoon control with communication delay. A new sampled-data control method is established, in which the effect of the communication delay is involved. First, a linearized vehicle longitudinal dynamic model is obtained using the exact feedback-linearization technique. Then, under the leader-predecessor following communication strategy, considering communication delay, a platoon control law is proposed based on sampled state information, which allows the weights of state errors to vary along the platoon. Complemented by additional string stability conditions, a useful string-stable platoon controller design algorithm is proposed. Finally, the effectiveness of platoon controller design methodology is demonstrated by numerical examples.
Introduction
Traffic congestion is a serious problem for numerous big cities around the world, causing awful environment pollution, costing billions of dollars and injuring or killing hundreds of thousands of people each year. Intelligent transportation systems (ITS) is believed to be an effective technology capable of improving traffic efficiency and hence reducing traffic congestion of urban roads and highways. [1] [2] [3] Vehicular platooning, as one of the important applications of ITS, has aroused particular attention of researchers recent years. The primary objective of a platoon is that groups of vehicles follow the lead vehicle with maintaining a desired gap/ distance. The synthesis of a vehicular platoon system consists of designing a spacing policy and a controller to regulate the speed of the vehicle. 4 Up to now, related researchers have put many efforts into the development of methods for controlling vehicular platoon in different aspects. To point out just a few, Davis 5 studied the effects of mechanical response on the dynamics of platoon. To deal with nonlinear dynamic of a vehicular platoon, distributed receding horizon control algorithms were suggested by Dunbar and Caveney. 6 Under multiple disturbances, Guo and Wen 7 concerned with the problem of vehicular platoon control in vehicular ad hoc networks subject to capacity limitation and random packet dropouts. Zheng et al. 8 discussed the influence of information flow topology on the inner stability and scalability without considering string stability.
For a platoon system, besides the inner stability and robustness analysis, another characteristic may become indispensable and must be considered, such as string stability. String stability replies how errors are propagated through the vehicle string due to disturbances or the reference trajectory of the lead vehicle in a platoon. In fact, a number of papers have studied the issue of string stability under different frameworks with various control methods, and readers can refer to literatures. [9] [10] [11] [12] With the application of the H ' synthesis framework, Ploeg 9 studied L 2 string-stable platoon strategies. Kianfar et al. 10 presented a predictive control strategy for both string stability and constraint satisfaction. Considering the fuel, break delays and lags, a sliding mode control method was employed to 1 guarantee string stability in Xiao and Gao 11 and Kwon and Chwa. 12 Vehicles within the platoon are normally equipped with onboard sensors as well as wireless vehicle-tovehicle (V2V) communication hardware to share information with neighbors or leaders. Thus, V2V communications inevitably introduce delays which could have an adverse impact on both inner stability and string stability. For the issue of communication delay, [13] [14] [15] [16] various analysis methods that can be used to realize string stability behavior have been proposed in the literature. [17] [18] [19] [20] [21] [22] By analyzing the mean dynamics, Qin et al. 17 studied the effects of stochastic delays on the dynamics of connected vehicles. In the presence of time delays of leader state transmission, Peters et al. 18 provided frequency domain analysis for dynamics to achieve string stability. Fernandes et al. 19 and Bernardo et al. 20 proposed new algorithms to mitigate the effect of communication delays on the system performance. Ge and Orosz 21 studied a delayed acceleration-based control design method of connected vehicle systems. However, most current methods rely on the assumption of idealized one-order or second-order models of vehicle dynamics. This assumption simplifies the mathematical analysis, but cannot capture many characteristics, for example, inertial lags of drivetrain dynamics, acceleration noise and nonlinearity, which should not be neglected in real implementation. 22 One modeling trend is to increase one state and yield so-called third-order model. Moreover, another limitation of the cited literature is ignoring a fact that the influence from platoon leader to the host vehicle should be dependent on the relative position in a platoon, such that influence of state error weights on control law should be various, which is more practical for engineering application. Therefore, under different influence of state error weights, how to study the effect of communication delay on platoon string stability using third-order model is the first motivation of this study.
It should be also worth mentioning that the mentioned related research work just focuses on the influence of communication delay for platoon string stability using the methods in the continuous-time case. However, a platoon system with V2V communication is a standard digital control system, thus the design and implementation of platoon system under a sampleddata control context is more reasonable and attractive. This is mainly motivated by two facts; on one hand, the dynamics of vehicle systems is normally continuous while the vehicles' outputs and control inputs might be taken in a sampled-data setting. On the other hand, since continuous-time control is difficult to implement in practice, and discrete-time control ignores the intersample behavior of the systems, which may lead to the happening of ripple in the response of system, sampleddata control is superior in flexibility and robust to pure continuous-time and discrete-time control. Thus, it is very significant to investigate the platoon control problem of connected vehicle systems via sampled-data control. To the authors' best knowledge, there are few related researches about sampled-data vehicular platoon control; besides, previous researches 23, 24 introduced a sampled-data control scheme developed for the cooperative adaptive cruise control of a vehicular platoon based on sensor measurement. However, as a matter of fact, if the spacing between two adjacent vehicles is too large or too small, the sensor (such as ultra-sensor and infrared sensor) cannot detect information of the forward vehicle; consequently, it could cause an adverse effect on string stability of platoon. Fortunately, wireless communication enjoys some unique advantages compared with onboard sensor, which has more broad scope of information transmission, such as Dedicated Short Range Communications (DSRC) which makes the furthest transmission range reach 1 km. Nevertheless, considering communication delay, how can sampled-data transmitted by V2V communication affect string stability still remains an open and challenging problem, and this is another motivation of this article.
This article aims to address the platoon control problem with communication delay by establishing a platoon control methodology that applies sampleddata control. First, a linearized vehicle longitudinal dynamic model is obtained using the exact feedbacklinearization technique. Besides the suggested model and based on it, we will propose an effective sampleddata platoon control law supporting various weights of state errors and desired spacing distances of the platoon. Using state transformation, the sufficient condition to achieve inner vehicular stability can be obtained by Lyapunov-Krasovskii function. Then, completed by the additional string stability conditions, a sampleddata platoon controller design algorithm is presented. Finally, the effectiveness and superiority of the proposed platoon control algorithm will be shown by numerical examples.
The rest of this article is organized as follows. In section ''Problem formulation,'' after a brief description of the dynamics of the vehicle model, a sampled-data closed-loop dynamics of platoon is established with communication delay taken into consideration. In section ''Platoon controller design,'' a sampled-data platoon controller design procedure is suggested to deal with communication delay. In section ''String stability,'' sufficient conditions for controller gains are given to achieve string stability. Soon afterwards, the useful platoon control algorithm is presented. Simulations are presented in section ''Numerical examples,'' showing the superiority and effectiveness of the proposed method. Finally, the conclusions are given in section ''Conclusion.''
Notations. R n denotes n-dimensional Euclidean space and R n 3 m denotes the family of n 3 m dimensional real matrices. I n denotes the identity matrix of dimension n. For a given vector or a matrix X, X k k denotes its Euclidean norm. And diag{.} stands for a blockdiagonal matrix. For symmetric matrices P and Q, the nation P . Q (respectively, P ø Q) means that matrix P-Q is positive define (positive semi-definite). The sign represents matrix Kronecker product. 1 denotes a column vector whose entries equal to one. Similar notation is adopted for 0. The symmetric elements of a symmetric matrix are demoted by *. Z + stands for nonnegative integers. Let E i be a block entry matrix with E ij = E i À E j . For example, E 1 = ½ I 0 0 0 and E 12 = ½ I ÀI 0 0.
Problem formulation
Consider a string of vehicles composed of N + 1 vehicles moving on a horizontal road (see Figure 1) . Without loss of generality, note the vehicle indexed by 0 as the leader and the vehicles indexed by 1,., N as the followers. Each vehicle transmits its position, velocity and acceleration information to its follower via V2V communication.
Model for vehicle longitudinal dynamics
For each vehicle in Figure 1 , the longitudinal dynamics includes the engine, drive line, brake system, aerodynamics drag, tire friction, rolling resistance and gravitational force. Denote s i , v i and a i as the ith vehicle's (i = 1, ., N) position, velocity and the acceleration, respectively.
According to Guo and Yue 23, 24 and Ghasemi et al., 25 the dynamics of the ith vehicle is described by the following nonlinear differential equations
where c i is the individual vehicle's engine input and f i (v i , a i ) and g i (v i ) are given by
where g is the specific mass of air and 25 the following exact feedbacklinearization control law is introduced as
By combining equations (1)- (4), a linear model of vehicle longitudinal dynamics is obtained as follows
where u i is the control input to be determined later.
Remark 1.
Based on the concept of relative order, 26 linear dynamics (5) is obtained using the way of exact feedback linearization. According to Isidori, 26 the solution of exact state linearization problem of system (1) is feasible, if and only if there exists function h(x) such that the relative order is equal to 3 (the order of vehicle system), when x = x 0 . Here, we can choose h(x) = s i (t), and then, we have
is a constant and independent of vehicle's state, which means the vehicle system can been linearized globally. The feedbacklinearization controller (4) plays the role of the firstlayer controller in our architecture. It helps to simplify the system model by excluding some characteristic parameters of the vehicle from its dynamics.
Remark 2. Autonomous longitudinal control is generally composed of two loops: an inner force control loop consists of exact feedback-linearization control law (4) and nonlinear dynamics of the ith vehicle (1); and an outer inter-distance control loop is made up of control input u i and the linear vehicle longitudinal dynamics mode (5) . In this article, the inner control loop is assumed to be prior designed to compensate internal vehicle dynamics (acceleration/deceleration), and we are only interested in the outer control loop, which is mainly responsible for guaranteeing to keep a desired spacing between successive vehicles. This is exactly what we aim at in this article.
Remark 3. This article employs the exact feedbacklinearization control law to linearize the nonlinear part. However, some studies [27] [28] [29] directly use nonlinear models for platoon control. By carefully choosing the control parameters, the asymptotic stability and string stability can be guaranteed, but explicit performance limits are rather difficult to analyze with given spacing policy and various communication topologies. On account of the variety of topologies, new challenges naturally arise, in particular when considering the time delay, packet loss and quantization error in the communications. In such cases, linear models are more frequently used for tractable issues. 30 
Controller structure and objective
In engineering practice, a platoon is often formed by the vehicles of the same type. 8 In such cases, vehicle dynamics are close to each other, namely, a platoon is commonly formed by vehicles of the same type, that is, either by only heavy buses or only passenger cars. In this article, the homogeneous platoon is considered, namely, § i = §. Thus, the vehicular model in equation (5) can be written as Usually, the platoon is expected to move with a reference constant velocity, that is, _ s 0 (t) = v 0 and _ v 0 = 0. The platoon control aims to track the speed of the lead vehicle while maintaining desired spacing between successive vehicles. Therefore, we define the spacing error and velocity error as
where d i,i 2 1 is the desired constant spacing between vehicle i and its predecessor i 2 1 and l i is the length of vehicle i.
In this article, we will investigate the platoon control problem with communication delay in sampled-data setting. To simplify the exposition, the following assumptions are presented:
1. The state information (position, velocity and acceleration) of each vehicle should be sampled by the sampler, which is time driven. Denote the sampling instant as t k (k = 0, . . . , ') and t k + 1 À t k = h is the sampling period, where h is a positive real constant. All the sampled data are sent with their time stamps.
2. For simplicity, we assume that the position, velocity and acceleration of a vehicle are transmitted in a single packet. 3. The controller and actuator with a zero-order hold (ZOH) are all event driven. And the ZOH is used to keep the control input constant until a new data packet arrives. 4. All the sampled-data transmitted via V2V communication is subject to a constant communication time delay t less than a sampling period h.
Each following vehicle can receive the sampled data from the leader and its preceding vehicle by V2V communication as shown in Figure 1 . Based on the sampled data, the distributed platoon control law is proposed for all the following vehicles (i = 1, ., N) as
is the weight of state errors between host vehicle and its preceding vehicle, and w i is the weight of state errors between host vehicle and the leader vehicle, respectively. And k s , k v and k a are the feedback gains to be determined. Note that the above control law varies depend on index i, which are more practical for engineering application.
Remark 4.
Under the leader-predecessor following communication strategy, the host vehicle is influenced by the platoon leader and the nearest preceding vehicle. Moreover, the influence from platoon leader to the host vehicle is related to the relative position in a platoon. Notice that the larger the distance between host vehicle and the platoon leader comes into being, the less influence from the platoon leader is brought to bear on the host vehicle, namely, the larger s i (t k ) À s i (t k ) +D i exists, the smaller w i is chosen. In equation (8), we denote various influence weights for designed platoon controller that are related to the relative positions in the platoon, which are more appropriate than the control laws mentioned in the previous studies. 8, 23, 31 The objective of this article is to design sampleddata controllers for each following vehicle on basis of the sampled information of preceding vehicle and lead vehicle with communication delay. The platoon should meet the following criteria: 
Platoon controller design
In this section, a set of sufficient conditions are given to guarantee that all the following vehicles in the platoon can achieve asymptotic inner stability using sampleddata platoon controllers (8) .
To achieve inner vehicular stability, the following desired trajectory of vehicle i is defined as follows
Thus, the new auxiliary variables of errorss i ,ṽ i and a i can be written in the following form
Regulates 0 =ṽ 0 =ã 0 = 0 and lump its tracking errors as z i =s iṽiãi ½ T . Then, substituting equation (11) into vehicular dynamics (6) can yield the following error system
And the platoon control law (8) can be rewritten as
where
Then, substituting the control law (13) into error system (12), the closed-loop dynamics of error system becomes
By defining variables j i (t) = z i (t) À z 0 (t)(i = 1, . . . , N), equation (14) can be described as
Define an ''artificial delay'' -k (t) = t À t k and t k ł t \ t k + 1 . It is clear that -k (t) is piecewise-linear and discontinuous at t = t k = kh, and one can see that
T , error system (15) can be rewritten in a compact form
where the initial condition of state j(t) is supplemented as j(q) = f(q) and q2½Àt À h, 0 with f(0) = j(0) and q2½Àt À h, 0 ! R Nn with square-integrable derivatives and the norm f k k C = max Clearly, the inner vehicular stability (9) will be solved if the error system (16) is stable. Now, we are in the position to derive a sufficient condition on the stability of system (16) . For this purpose, the following useful lemmas are introduced for obtaining the main results. Lemma 1. For any constant matrix R . 02R n 3 n , scalar t . 0 and vector function _ e : ½Àt, 0 ! R n such that the following integration is well defined and then
Lemma 2. For any constant matrix R . 02R n 3 n and M . 02R n 3 k and time-varying function 0 \ -k (t) ł t M and _ z : ½Àt M , 0 ! R n such that the following integration is well defined, let Ð t tÀt _ z(s)ds = Eu(t), where E2R n 3 k and u(t)2R k . 33 The following inequality holds
Now, the main results will be given.
Theorem 1. For given sampling period h . 0 and time delay constant t . 0, the error system (16) is stable if there exist real matrices P, Q 1 ,
Proof. Define the following Lyapunov function as
with
where P . 0, Q 1 . 0, Q 2 . 0, R 1 . 0, R 2 . 0 and u2½0, h. Then, along system (16), the derivative of V(t) with respect to kh ł t \ (k + 1)h is given by
where c(t)= j
and E 1 = [I 0 0 0]. Similarly, we can also have
Applying Lemma 1, we can obtain
Notice that
, and from equations (21)- (26), we obtain _ V(t) ł c
Therefore, if O \ 0, it can be concluded that the error system (16) is asymptotically stable.
Using Schur complement to equations (27) and (28), the inequalities (19) can be obtained. The proof is completed.
Since inequality (19) includes the nonlinear terms Y, F T (tR 1 + hR 2 ) and F(tR 1 + hR 2 ) T , it cannot be immediately solved by the existing software tool. In order to address this problem, we will give the following results on the existence of the controller gain based on Theorem 1 and Schur complement.
Theorem 2. For given scalars h . 0, m . 0 and t . 0, stability of error system (16) can be asymptotically achieved, and if there exist real matricesP . 0,Q 1 . 0, Q 2 . 0,R 1 . 0 andR 2 . 0 and some appropriate dimension matricesM k (k = 1, 2), such that
for k = 1, 2, wherẽ
Moreover, the controller gain is given by K =KP À1 .
Proof. Let P = I N U for the conditions (19) in
. Pre-and post-multiplying both sides of equation (19) , the inequality ÀPR À1 P ł m 2 R À 2mP is employed to handle the term ÀP À1 (tR 1 + hR 2 ) À1 P À1 . The proof of Theorem 2 is completed.
Remark 5. It can be easily seen from Theorem 2 that a sufficient condition on the existence of the controller gain is given in the form of linear matrix inequalities (LMIs; equation (29)). Thus, the feasibility of equation (29) plays a key role in addressing the sampled-databased platoon control issue. In fact, Theorem 1 gives a mutual relationship among sample period h, communication delay t, LaplacianL and controller gain K. By this special relationship, for given sample period h, LaplacianL and controller gain K, we can obtain the allowable maximum of communication delay t by solving inequalities (19) in Theorem 1 using the method in Guo and Zhao. 34 Remark 6. For simplifying analysis, this article just concerns the condition that communication delay is constant and less than a sample period. In fact, the obtained results are also applicable to time-varying communication delays less than a sample period, namely, 0 \ t(t) ł t max \ h. Otherwise, we can introduce a waiting strategy with two buffers 35 to deal with time-varying communication delays larger than a sample period, and then, the similar technique proposed in this article can be applied to solve this issue.
Remark 7. The platoon control law (8) for each vehicle only utilizes its own and its preceding vehicle and the leader's information, which is implemented in a distributed fashion, while the platoon control gains are designed by a centralized condition given in Theorem 2 depending on the global information of communication networkL. As is well known, in order to avoid using any global information of the communication topology, a fully distributed protocol has been proposed in Li et al. 36 However, this method may be inapplicable due to the presence of network-induced delays. 37 Therefore, it would be an interesting topic on how to solve platoon control problems of vehicular systems with communication delay in a fully distributed fashion.
String stability
String stability is an important concept in analyzing the stability of platoons of vehicles. The key idea is to avoid that spacing errors are amplified downstream the traffic flow. In what follows, under the sampled-data platoon control law (8) , the string stability of vehicle dynamics in (6) will be discussed.
Using equation (7), the following equation about its spacing error can be obtained
Combining with _ a i = À (1= §)a i + (1= §)u i longitudinal vehicle model (6) yields e ...
Considering the platoon to achieve string stability in the worst situations, we focus the following boundary case, -k (t) = h + t. The spacing error system can be obtained in time domain of neighbor vehicles in a platoon. In order to simplify the analysis of string stability, we choose w i = 1 (i = 1, 2, ., N) such that § e ...
Taking the Laplace transformation on both sides of equation (32), we obtain
which is called as spacing error propagation transfer function between consecutive vehicles. The sufficient string stable condition is G(jv) k kł 1.
Based on this transfer function, the following theorem about string stability is given.
Theorem 3. For the platoon spacing system (30), string stability holds for any v . 0 if the sufficient conditions are satisfied
Proof. By substituting s = jv in system (30), we can write
where a = r
By equation (36), a . 0. If we can derive b ø 0, G(jv) j j= ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi a=a + b p ł 1 will hold to be true. Using equation (34a) and the facts Àsin(hv) . À hv and Àcos(hv) . À 1 for v . 0 and h . 0, we can have
If conditions (34b), (34c) and (34d) hold, then b ø 0. The proof of Theorem 3 is completed.
Based on the above discussions and the results established heretofore, we are in a position to give the following platoon control algorithm, which can guarantee both the inner vehicular stability and string stability simultaneously.
Remark 8. It is important to point out that
Step 3 of Algorithm 1 is provided to combine the inner vehicular stability in time domain and string stability in frequency domain. However, the string stability condition in Theorem 3 does not impose serious constraints on the controller obtained in Theorem 2. This will be verified in the simulation section.
Numerical examples
To validate the performance of the proposed platoon control algorithm, numerical examples are presented to illustrate the effectiveness and superiority of the proposed platoon algorithm for the vehicular platoon.
Consider a group of eight vehicles: one leader indexed by 0 and seven followers indexed by (1, 2, 3, 4, 5, 6, 7) . The parameters of nonlinear vehicular dynamics are adopted as follows: 24 . Note that t = 0:01 is within the average end-to-end communication delay that is typical of IEEE 802.11p vehicular networks, which is of the order of hundredths of a second (i.e. 10 22 s). 38 The position, velocity and acceleration profiles of the eight vehicles are shown in Figures 2-4 , where each following vehicle can track the speed of leader vehicle and maintain a desired inter-vehicle spacing between any two consecutive vehicles. Figure 5 demonstrates that the spacing errors of the seven following vehicles in the platoon smoothly decrease upstream and the absolute values of the spacing errors are decreased along the platoon in the whole time domain, that is, |e 1 . e 2 . e 3 . e 4 . e 5 . e 6 . e 7 |, which means the transient errors are not amplified with vehicle index, that is, G(jv) k kł 1. Therefore, string stability of the platoon can be guaranteed by our controller design method.
A comparison with the controller design method in Guo and Yue 24 is given to show the advantage of Algorithm 1 proposed in this article. We consider the same vehicular platoon system and desired spacing d iÀ1, i = 20 m. Assume that the sampled period and the communication delay are also the same h = 0:1 and t = 0:01. We also adopt the same leader tracking velocity trajectories in simulation and get the spacing error simulation curves illustrated in Figure 6 . It is clearly Step 1. For given related parameters, the specific mass of air g, cross-sectional area A i , drag coefficient c di , mass of one vehicle m i , engine time constant of the ith vehicle § and mechanical drag d mi , design the feedback-linearization controller (4).
Step 2. Choose appropriate parameters desired spacing d i,i 2 1 , the length of vehicle l i , sampling period h time delay t, weights of errors r i and w i and scalar m . 0, i = 1, ., N.
Step 3. Solve the linear matrix inequality (LMI; equation (29)) using standard LMI tool to obtainK andP À1 . If LMI (29) has a feasible solutionK andP, then the controller gain K = ½ k s k v k a =KP À1 , go to Step 4; Otherwise, there are no feasible solutions, go to Step 2, reset the related parameters.
Step 4. Constrain the obtained controller gains k s , k v and k a with the conditions in Theorem 3. If it is feasible, then the resulted controller gain can be employed for string stabilizing, go to Step 5; otherwise, return to Step 2, reset the related parameters.
Step 5. Stop.
seen that the spacing errors of the seven following vehicles in the platoon cannot smoothly decrease downstream. In [10-15 s] and [25-30 s] , the absolute values of the spacing error are increased along the platoon, that is, |e 1 \ e 2 \ e 3 \ e 4 \ e 5 \ e 6 \ e 7 |, which implies that the string stability is hard to guarantee, namely, this may result in an unstable vehicular string and yield poor ride quality or even rear-end collision. 1, 2 By drawing comparison between Figures 5 and 6 , it can be concluded that Algorithm 1 proposed in this article has certain superiority on the performance of the string stability comparing with controller design method in Guo and Yue. 24 
Conclusion
In this article, we have studied the issue of sampleddata vehicular platoon control with communication delay. First, using the exact feedback linearization, a linearized vehicular longitudinal dynamic model has been obtained. According to this model, a platoon control law has been proposed using sampled-data state information with communication delay. Then, employing Lyapunov-Krasovskii approach, a delay-dependent sufficient condition has been obtained to ensure the inner vehicular stability. By choosing proper parameters, additional conditions for string stability have been derived. Complemented the additional conditions, a sampled-data platoon control algorithm has been proposed, which can guarantee both the inner vehicular stability and string stability. Eventually, the performance of the controller design method has been verified by numerical examples.
For simplifying analysis, in this article, we just concern sampling and communication delay. But quantization and packet dropouts may occur during information transmission. In our future work, the effects of quantization and packet dropouts of communication network factors will be studied on the platoon control problem. 
